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vector  deterTiined  by  the  initial  conditions.  In 
the  case  of  the  regulator  problem  with  end  point 
constraint,  it  is  first  shown  that  a given  terri: 
al  state  = x(T)  for  a ccmmutative  bilinear 
system  is  constant  reachable  if  and  only  if  it  i: 
reachable  bv  a tine-dependent  control.  If  x,  be 
longs  to  the  reachable  set,  it  is  then  shcwr-tha 
the  optimal  control  is  a constant  vector  deter- 
mined by  the  boundary  conditions . L'nicueness  of 
solutions  to  the  regulator  problems  of  Section  Z'. 
is  discussed  in  Section  III.  As  an  exarole  of  a 
bilinear  system,  a missile  intercept  problem  is 
discussed  in  Section  IV  in  which  the  pursuer  pos- 
sesses thrust  modulation  in  addition  to  thrust 
vectoring.  This  additional  degree  of  freedom  fo: 
the  pursuer  facilitates  the  formulation  of  the 
problem  as  a regulator  problem  for  a ccrrutative 
bilinear  system  with  end  point  constraint.  It  i: 
then  pointed  out  how  a closed-form  solution  can 
be  obtained  for  this  example. 


Minimum  energy  control  problems  are  con- 
sidered for  commutative  bilinear  systems  with 
and  without  end  point  constraints.  Optimal  con- 
trols are  shown  to  be  constant  vectors  deter- 
mined by  the  boundary  conditions  when  the  ter- 
minal state  belongs  to  the  reachable  set.  Suf- 
ficient conditions  for  unioueness  of  solutions 
are  derived  for  the  minimum  energy  problem 
without  a terminal  constraint.  Application  to 
a missile  intercept  problem  is  discussed  in 
which  the  pursuer  possesses  thrust  modulation 
in  addition  to  thrust  vectoring. 


I.  Introduction 


Bilinear  control  systems  have  received  in- 
creasing attention  in  recent  years  due,  in  part, 
to  their  natural  applications  in  various  engi- 
neering, biological  and  socio-economic  systems, 
Mohler  fl],  and  in  part  to  their  intrinsically 
nearly  linear  structure,  Eruni  et  al  [23, 

Brochett  [3],  In  addition,  the  study  of  bilinear 
control  svstems  has  potential  applications  to  sys- 
tems containing  sinusoidal  nonlinearities,  Lo 
and  Willsky  [4],  especially  those  arising  in  spa- 
tial flight  m.echanics.  This  observation  in  con- 
junction with  a missile  intercept  problem  motiva- 
ted the  study  of  the  bilinear  regulator  problem 
discussed  in  this  paper. 


II.  Problem  Statement  and  Existence  of  Sc! 


Consider  the  multi-input  bilinear  svste’ 


where  A,B.,i=l**m,  are  nxn  constant  matrices 
u€L^([t^,T3,R”'),  the  class  of  m-vector  valued 
square  integrahle  functions  on  ft  ,Tj. 


The  focus  of  this  paper  is  on  "commutative”  bi 
linear  systems,  i.e.  the  special  class  of  bilinear 
control  systems  in  which  the  coefficient  matrices 
commute  with  one  another.  This  class  has  been 
studied  by  Sussmann  [5]  relative  to  "bang-bang" 
control  functions.  Here,  the  minimum  energy  con- 
trol of  such  commutative  bilinear  systems  is  in- 
vestigated with  and  without  end  point  constraints 
on  the  state.  Concerning  the  regulator  problem 
without  end  point  constraints,  it  Is  shown  in 
Section  ir  that  the  opti-al  control  is  a constant 


Definition  1:  The  system  (1)  is  called  a ccmmuta-* 
tive  bilinear  system  if  every  pair  of  the  matrices 
(A,3.«*9  ) cormute  with  each  other. 


As  mentioned  earlier,  the  commutative  bilin- 
ear system  has  been  studied  bv  Eussrann  [5]  in  which 
it  was  shown  that  the  attainable  set  is  closed  rela- 
tive to  "hang-hang”  controls;  Baras  and  Hampton 
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A direct  Input  term  Cu  can  alvavs  be  absorbed 
lute  the  bilinear  term  J introducing 

an  additional  state,  * , • 1,  to  ohtalr  fo, 


recently  extended  these  results  to  delayed  conru- 
tative  bilinear  svsters.  The  problem  considered 
here  is  the  minimum  energy  control  of  a commutative 
bilinear  svstem.  BrocKett  C7]  has  obtained  a solu- 
tion to  the  minimum  control  energy  problem  with  a 
fixed  terminal  state  in  the  case  of  nxn  matrix 
state  commutative  bilinear  systems  with  det  X ^ 0. 
By  contrast,  it  will  be  shown  that  this  problem 
for  the  vector  state  system  (1)  has  a simple  solu- 
tion which  possesses  an  easily  implemented  charac- 
ter. 

Two  kinds  of  cost  functions  are  investigated 


J^(u)  = x*(T)Cx(T)  + u*(t)Ru(t)dt  (2) 


if  and  only  if  it  is  constant  reachable  to  x. 

with  rescect  to  x . ^ 

o 

Remark : 

Theorem  1 assures  that  if  u(t)  e L^([t  ,T],P^) 

o 

steers  the  commutative  bilinear  svstem  frcm  x 

o 

to  at  T,  then  there  exists  a constant  input 

function  u^  which  can  do  the  same  job  as  well. 

This  enables  us  to  study  the  corrmutative  bilinear 
system  with  a class  of  simple  easily  irpler.ented 
input  functions,  namely,  the  constant  input 
functions. 


without  a terminal  constraint  on  the  state,  and 


(u)  = r u’(t)R 

^t 


(t)Ru(t)dt  with  x(T)  = x^  (3) 


where  x^^  is  a prespecified  vector;  Q and  R are 

nxn  nonnepative  definite  and  positive  definite  sym- 
metric constant  matrices  respectively,  and  prime 
denotes  the  matrix  transpose  operation. 

In  consideration  of  the  existence  of  opti- 
r.al  controls  to  the  above-mentioned  problems , the 
reachable  set  plays  a very  important  role.  There- 
fore, we  shall  give  the  following  definitions  of 
reachable  set  and  reachability  of  a bilinear  sys- 
tem. With  these  definitions  we  can  also  reveal 
some  interesting  characteristics  of  the  reachable 
set  for  a comr.utative  bilinear  system. 

Definition  2:  A set  Z(x  ;l))  is  called  a reachable 
o ■ ' 

set  associated  with  (1)  if  Z(x  ;U)  = {x(T)cR^:x(t  ) 
— o o 

= X , u(t)eU,x(t)  satisfies  (1)  in  some  finite  in- 
o 

terval  [t  ,T]}.  A set  Z(D;U)  is  called  a reach- 
o ■ — 

atle  zcr.e  associated  with  (1)  if 
Z(D;L')  = Z(x  -.U). 

o 

Definition  3:  System  (1)  is  reachable  to  Xj^  with 
respect  to  x^  and  U if  there  is  an  input  u(t) 
c U which  steers  it  from  x to  x,  at  some  fin- 

O X 

ite  tire  T.  System  (1)  is  constant  reachable  to 

X,  with  respect  to  x if  there  is  a constant  in- 
1 o 

nut  f'lnction  u which  steers  it  from  x to  x, 
c o 1 

at  some  finite  time  7. 

The  following  theorem  states  an  interesting 
pronertv  regarding  the  reachability  of  commutative 
bilinear  systems* 

Theorem  1: 

The  eommtjejitive  h!l!near  system  (1)  is  reach- 
able to  with  resnect  to  x^  and  L^(rt  .T],?") 


The  sufficiency  part  is  true  by  definition.  To  shew 
2 n 

necessitv,  sunpose  u(t)cL  (ft  steers  (1) 

o 

from  x^  to  at  some  finite  time  T.  Then,  since 

each  nair  of  (A,B,  ••B  ) commutes  with  each  other, 

1 m 

the  solution  of  (1)  at  time  T can  be  expressed  as 


x(T)  = ♦.(T,t  ) IT  t.(T,t  )x  = X, 
A o 1 ’ o 0 1 


where  ^^(t,t  ) and  ♦.{t,t  ) denote  the  state 
transition  matrices  associated  with  A and  B.u.(t), 

respectivelv.  Choosing  u such  that  ^ * 

' c 


“c.  = fTt-  I 

1 o ‘'t 

o 

it  is  easily  seen  that  t.(T,t  ) = ❖ (T-t  ),  where 
i o c.  o 
1 

where  is  the  state  transition  matrix  corre- 
i 

spending  to  B.u 
Thus  ^ *^1 


*,(T,t  ) n ♦.(T,t  )x  = ♦.(T,t  ) IT  * (T-t  )x  = X, 
A o . , 1 o o A o . , c.  o o 1 
1=1  1=1  1 


which  verifies  the  theorem. 

This  result  holds  for  a slightly  more  gen- 
eral bilinear  svstem  in  which  A * A(t)  is  tire- 

varving  provided  (A(t),B,*'B  ))  comute  with 
1 m 

on«  iinothmr.  For  this  class  of  hillrear  svsters. 
the  reachable  zone  is  much  easier  to  characterize 
because  one  need  onlv  consider  a constant  input 

as  a set  of  parameters,  then  coroute  the  correspc-.- 
dlnm  transition  matrices  (T-r^I,  i=l,...m. 

which  characterize  the  reach^hle  zone  of  the  flvep 
system  (1)  with  a set  D of  initial  conditions. 

Define  the  set  of  attainablJLity  K of  (1) 
and  (2)  bv  ■ gy 


Sactlto  |B 
Saettn  □ 

□ i 


DBIWBIITIMI/gjiaWjn  MOB 

Ois!  avail,  sad/w  SPECIAL 


t 

[ 

\ 


K = {(x°(u)  ,x(T;u))eR'’*^:x°(u)=  L u' (t  )P.u(t  )dt , 

^ o 

x(T;u)=.J(T,t  ;u)x  , ueL^([t  ,T],r"')}  (u) 

o o o 

where  ❖(t,t  ;u)  is  the  state  transition  matrix 
o 

of  (1)  for  each  given  u.  It  is  clear  that  K 
consists  of  the  pairs  of  cost  and  terminal  state 
correspondine  to  all  admissible  input  functions  as 
coordinates. 

Mow  consider  the  map  G:  K-^Co,«)  defined  by 
G(x°(u),x(T;u))=x'(T;u)Ox(T;u)  ♦ x°(u).  (5) 


Hence,  J(u)  = G(x  (u),x(T;u)). 

The  following  lemma  reveals  sore  character- 
istics of  the  set  of  attainability  K. 

Lemma  1:  Every  subset  of  K generated  by 

constant  controls  on  is  compact,  where 


H^(p)={(x  (u),x(T;u))cK:0«x  (u)sp,p<»,and  u(t)=0}. 


The  proof  is  straightforward  by  the  Euclidean 
topolcgy  and  the  linear  structure  of  (1)  for  each 

given  u.  Since  N^(p)CKCR^*^  and  Of  x°(u)s  p, 

one  can  easily  establish  the  closedness  and  bound- 
edness of  the  set 

E 3 {x(T;u):  (T-t  )u*Ru  5 p}, 

o o ^ 

which  proves  the  lemma. 

The  compactness  of  N (p)  for  each  given 
c 

positive  p assures  the  existence  of  an  optimal 
solution  of  the  commutative  bilinear  system  (1) 
and  (2)  as  given  in  the  next  theorem. 


Given  a commutative  bilinear  system  (1),  the 
optimal  controls  which  minimize  the  cost  (2)  are 
in  the  form  of  a constant  vector  u*  which  satis- 
fies the  transcendental  eouation: 


where  ♦ (T-t  ) and  ♦.(t,t  ) are  the  state 
Cj  o A * o 

transition  matrices  associated  with  u^B.  and  A 
resnectively.  ^ ^ 


Theorem  1 allows  us  to  assume  that  for  a 
given  x(T,u),  there  exists  a constant  vector  u 

c 

such  that  x(T,u  ) coincides  with  x(T,u)  and 


(T  - t )u 
o c 


u(t)dt. 


Consider  the  costs  associated  with  u and  u , 

c’ 

and  assume  without  loss  generality  that  R is  a 
diagonal  matrix  with  positive  elements  r^,  1=1 ••m: 


fi  m « 

u*Ru  dt  3 y r.u  (T-t  ) = U, 

I.  C c 1 c.  o 1 

't  13l  1 

o 

rT  m fT  - 

u'(t)Ru(t)dt  * I t**  u.(t)dt  = L 

Jt  i=l  ^ ^ 

o o 

From  (8)  and  Holder's  inequality,  we  have 

u ^(T-t  = (f  |u  |dt)^ 

i ^t  i 

o 

* (f  |u.(t)Idt)^  f f Uj(t)dt(T-t 


for  i3l»»n.  Hence  t U^. 


The  ecualitv  is 


achieved  if  and  only  if  u.(t)  = c,  a constant. 

Therefore,  if  the  minimum  energy  exists,  it  must 
be  incurred  by  a constant  input  u*.  But  this 
is  indeed  the  case  because  the  function  G(*,»)  is 

continuous  on  N (d),  and  N (p)  is  compact  for  any 
c ‘ c 

given  p,  so  that  J^(u)  attains  its  minimum  on 


With  the  assurance  that  u*  exists,  the  maxi- 
mum Principle  can  he  used  to  derive  the  characterl- 


o A o Cj  o 1 Cj  o A o o 


x;«;(T,t  ) n (T-t  )b’q  n ♦ (T-t  )«.<T,t„)x„ 
I o A o n Cj  o » 1,1  'i  o A o o 


taticn  pfven  hv  (TV,  I...  alorr  with  an  ert'ral 
tralectorv  for  (1)  and  (2)  the  state,  co-state  and 


control  satisfy 


• f! 

X 


= (A  + y B,u*)x*, 
^Z^  1 i 


o o 


m 

p*  =.(A'  ♦ [ B:u*)o*,  p(T)  = -Ox{T) 

1=1  ^ ^ 


u*(t) 


T 


x*'B^p=' 

x*'B'r>* 

‘ n*  ' 


From  these  relations  it  can  be  verified  di- 
rectly that  ^ = 0,  usin^  the  cojimutivity 

assumption,  so  that  putting  t = T into  u*(t)  and 
m 

using  x(T)  s ❖.(T,t  ) T » (T-t  )x  leads  ulti- 
A o.^’C.  oo 
1=1  1 

rtately  to  expression  (7).  This  proves  Theorem  2. 

Theorem  2 states  the  simple  character  of  the 
minimum  energy  control  problem  for  commutative  bi- 
linear systems,  i.e.  the  optimal  controls  are  sim- 
ply constant  vectors  which  satisfy  the  transcen- 
dental equation  (7).  This  fact  enables  us  to  treat 
the  optimal  commutative  bilinear  system  as  a fixed 
linear  system  for  which  the  explicit  solution  is 
immediately  available.  As  in  the  case  with  Theo- 
rem 1,  this  result  also  holds  for  a slightly  more 
general  system  in  which  A = A(t)  is  a nxn  time- 
varying  matrix  which  commutes  with  B,(i=l*-m) 
because  in  the  proof  the  time -dependence  of  A 
does  not  play  any  role.  To  study  the  minimum 
energy  problem  associated  with  cost  function 
(3),  i.e.  with  a terminal  constraint,  we  ack- 
nowledge that  a bilinear  system  does  not  gener- 
ally have  the  global  controllability  property  as 
a linear  system  which  has  been  quite  thoroughly 
characterized.  Therefore,  we  shall  limit  our 
attention  only  to  the  reachable  zone  7.  asso- 
ciated with  each  bilinear  system  rather  than 

the  whole  space  p"  as  the  target  set  when  we 
are  dealing  with  the  cost  (3).  In  other  words, 
the  minimization  of  control  energy  is  taken 

over  the  set  U of  admissible  controls  which 
c 

consist  of  those  constant  input  functions  which 
do  steer  the  given  svstem  to  the  desired  target 
set  at  a certain  finite  time. 


The  following  theorem  assures  the  exist- 
ence of  a constant  ootiral  control  to  the  mini- 
mum energy  problem  (1)  and  (3). 


Theorem  3: 


Given  a coitnutatlve  bilinear  system  (1) 
with  the  cost  (3).  If  x^  belong*  to  the  reach- 
able set  7.(x  ;t,^frt  ,Tj,7'')3,  then  there  exists 
o o 

a constant  optimal  control  u*  which  steers  (1) 

c 


from  X to  X,  at  T and  minimizes  the  as- 
o 1 

sociated  cost  (3).  Furthermore,  u*  satisfies 

c 

the  transcendental  eauaticn: 


Kl  = 


isl 


♦ (T-t  )x 
c.  o o 
1 


(9) 


Proof: 

Suppose 


U ={u(t)cL^(Ct,T], (T.t  ) U ?.(?,t  )x  = 


1' 


is  the  set  of  admissible  controls.  Then  U is 
non-empty  by  h'njothesis,  and  from  Theorem  1 
there  exists  a non-empty  subset  E ccnsistir.ff 
of  all  elements  of  U which  are  constant  input 
functions.  For  each  u(t)  e U,  there  is  a u 

c 

e U such  that 


I u(t)dt  =1  u^ 


dt. 


Comparing  the  costs  associated  with  u(t)  and 
u^  and  using  a similar  argument  as  that  in 

Theorem  2,  one  can  show  that  the  minimum  enerrv 
is  incurred  by  a constant  input  u*£L’^.  Ecuation 

(9)  then  follows  bv  a direct  commutation  of  the 
solution  of  the  'linear'  fixed  system  (1). 

In  order  to  obtain  u*  from  ecuation  (7)  or 
(9)  by  iterative  schemes,  it  is  interesting  to 
study  the  unicueness  property  of  the  soluticn  to 
these  equations.  Next,  we  will  use  the  property 
of  monotonically  increasing  maps  to  show  the 
unioueness  of  solutions  to  (7)  for  a class  of 
bilinear  systems. 

III.  Unicueness  of  the  Minimum  Energy  Control 
Definition  4r 

A continuous  mao  G from  R*”  into  itself 
is  monotonically  increasing  if  <x^-x^ ,G(x^)-G(x«)> 

4 0 for  all  and  x^  in  p”*,  where  <*,•> 

is  the  usual  inner  product,  i.e,  <x,v>  * x'v. 

The  fcllcwing  lemma  states  the  unicueness 
property  associated  with  a monotonic  map.  The 
proof  can  be  found  in  Mintv  fSl, 

Lemma  2:  Given  a monotonically  increasing  mao  G, 
then  the  solution  of  the  ecuation  x e G<x)  « 

0,  X c P",  is  unicue. 

Based  on  this  lemma,  sufficient  conditions 
for  tjniqueness  can  be  derived  as  summarized  in 


with 


two-diirensional  plane.  Choose  the  coordinate  sys- 
tem fixed  in  the  missile  as  shown  in  Fi^jra  1. 
Denote  the  anpiilar  rate  of  the  missile  and  the 
tarf:et  with  respect  to  a non-rotatinjr  reference 


frame  as 


and  respectively. 


^ X 


The  ecuations  of  motion  are  then  described 
by  CIO] 


X,  = -V-  sin  X-  + x«u 
1 T 3 ^ p 


x«  = v_  cos  X^  - X.U  -V 
2 T 3 1 p p 


(11) 


*3  = ^ - “p 


where 


and 


are  the  line  steeds  of  the 


tarret  and  the  missile  relative  to  air; 


and 


Xj  are  the  horizontal  and  vertical  distance  from 
the  missile,  and  x^  is  the  relative  anple  be- 
tween the  headings  of  the  missile  and  target  mea- 
sured counterclockwise. 

The  system  (11)  can  be  transformed  into  a 
homop:eneous  bilinear  system  by  introducing^  three 
auxiliary  states: 

X-  = 1.  That  is. 


X = sin  X, ,x,  = cos  x,  and 


Ax  + Bxu  (12) 


A = 


'o 

0 

0 

•''t 

0 

0 

’ 0 

1 

0 

0 

0 

o' 

0 

0 

0 

0 

'^t 

-V 

p 

-1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0, 

(13) 


x(t  ) 


= (x,(t  ),x.(t_),x-(t_),sin  x,(t_),cos  x,(t_),l)’ 
Xo2030  30  30 

in  which  u = u is  defined  as  the  control  vari- 
P 

able. 

The  objective  is  to  find  a scuare  inter- 

mi-able  function  u*(t)  which  steers  the  missile 
to  the  target  at  sore  finite  tire  T (a  free 
tire  forrulation)  while  the  total  control  ener- 
gy consured  over  this  interval  [t^,T]  is  raini- 

nized.  The  followine  perforrance  index  is  thus 
considered: 


J(u) 


- 1: 


(t)dt 


subiect  to 


x^(7)  = x^CT)  = 0. 


(lU) 


(15) 


In  addition  to  the  usual  thrust  vectorinp, 
the  missile  is  assumed  to  possess  thrust  rodulaticr. 
carabilitics  so  that  v (t)  can  be  ad-’usted  in  ad- 
P 

dition  to  u (t).  Father  than  rerard  v as  an 
P P 

independent  control,  a proportionality  relation- 
ship between  u (t)  and  v (t)  is  postulated: 

P P 


v = YU 
P P 


(16) 


with  the  proportionality  parameter  y to  be  de- 
termined by  the  boundary  conditions  as  indicated 
presently.  With  this  postulated  relation,  Eq.  (13) 
becomes 
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0 

0 

0 
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0 

0 

0 

1 

0 

0 

0 

o' 

0 

0 

0 

0 

0 
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0 

0 

0 

“Y 

0 

0 

0 

0 

0 

= 

0 

0 

c 

0 

0 

-1 

0 

0 

0 

0 
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0 

0 

0 

0 

0 

-1 

0 

0 

0 

0 

0 

0 

0 

0 

n 

1 

0 

0 

0 

0 

c 

0 

0 

0 

n 

0 

0 

0 

0 

0. 

(17) 
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and  it  can  be  readily  verified  that  A and  B 
coTTunute  for  all  Y«  Conseouently , in  the  event 
that  v^  and  are  constants,  the  solution 

of  the  system  (12)  and  (17)  can  be  expressed  an- 
alytically. 


(b)  If  u_  is  zero,  then  there  exists  a triple 
(y,6,T)  which  solves  the  sare  terminal  con- 
straint problem  (15)  for  every  (x,(t  ),x^(t  ), 

« i 1 o o 

x.(t  ))  e RnC  , where 
d o 


We  will  first  resolve  the  terminal  con- 
straint problem  by  considering  the  intercept 
anple  as  a parameter,  then  incorporate  the  solu- 
tions with  the  minimum  energy  problem.  Consi- 
deration should  be  given  to  two  separate  cases  in 
which  u^  is  zero  and  non-zero. 

From  Equation  (11),  denote  the  intercept 
angle  by  B,  i.e. 


6 = = ^3^^o^  ~ I ^^s)ds  + u^(T-t^).  (18) 


The  terminal  constraint  (15)  becomes 


0 = 


rx.(t  )+Y3cos{u..,(T-t  ) + x,(t  )-6} 
1 o i o do 


’x,(t  )sin{u_(T-t  )+x.(t 
2 o T o 0 o 


E = {(0,y,i)  Either  y > 0 and  z = (2V+l)t,  or 

y < 0 and  z = 2k»;  k = 0,zl,...) 

Since  the  systen  (12)  and  (17)  is  a coni- 
tative  bilinear  syster.,  the  results  in  secticn  II 
are  applicable  to  the  rinirum  enerr'^  probler.  (lu) 

and  (15).  The  set  U of  admissible  controls  in 
c 

this  case  includes  those  input  functions  u(t) 
satisfying  the  algebraic  equations  (19)  and  (1?). 
The  next  proposition  which  gives  the  explicit 
form  of  the  ODtimal  controls  to  the  trobler.  (1^*) 
and  (15)  is  a direct  conseauence  of  Theorem  3. 

Proposition  2;  Given  the  system  (12)  and  (17), 
there  exists  an  optimal  control  u*  t which 

minimizes  the  cost  (1**)  and  steers  the  svste*'  to 
x,(T)  - x«(T)  s 0 at  some  7 > t for  each  ao- 

12  O' 

prooriate  set  of  initial  conditions  (x, (t  ), 

^ O 

X2(t^),X2(t^),u.,,v.j.).  This  control  is  given  by 

x (t  )-8 

u*(t)  = U.J,  + (20) 

* O 


x.,(t  )cos{u_(T-t  )+x^(t  )-6} 
2 O T O 3 O 


(19)  where  T and  6 are  given  as  discussed  in  ?ro- 

Dosition  1. 

Proof: 


cos  6 - cosCu^(T-t  )-6] 
1 o 


sinCu^(T-t^)-B]  + sin  sj 

In  other  words,  the  terminal  constraint  problem 
of  the  differential  system  (12)  and  (17)  has 
been  reduced  to  solving  a pair  of  nonlinear  al- 
gebraic equations  (19)  of  transcendental  type 
for  an  appropriate  set  (y,6,T).  A solution  of- 
ten exists  for  this  case  in  which  the  number  of 
unknowns  exceeds  the  number  of  equations. 

The  next  proposition  shows  the  existence  of  a 
triple  (y.B,T)  which  solves  (19)  for  differ- 
ent initial  conditions  (x,(t  ),x-(t  ),x.,(t  )) 

^ 1 O 2 O 3 O 

in  R , the  analytic  expression  for  this  triple, 
as  well  as  the  proof  of  the  proposition,  is  given 
in  Wei,  Til]  and  ri2], 

Prorosition  1:  (a)  If  u^  is  a non-zero  constant, 

then  there  exists  a triple  (y,B,T)  satisfying  (18) 
and  (19)  which  solves  the  terminal  constraint  ^ 

problem  (15)  for  every  (x,(t  ),x.(t  ),x-(t  ))cR'^. 

' X O 2 O J O 


The  usual  limit  will  be  taken  when  u.^.  , approaches 
zero. 


Theorem  3 implies  the  existence  of  constant  opti- 
mal controls  u*  e U . 3v  eauaticn  (18),  u"  is 

given  as  in  (20). 

The  striking  character  of  this  optimal  con- 
trol law  in  a constant  form  is  not  ccroletelv 
without  expectation  because  the  control  aspects 
proposed  here  include  two  channels.  One  is  the 
angular  maneuver  of  the  missile  which  counter- 
balances (offsets)  the  angular  maneuver  of  the 
target,  while  the  additional  degree  of  freedom 
introduced  by  y carries  out  the  ma-ior  pursuit 
part  of  the  problem  and  leads  to  a simple  solu- 
tion having  some  intuitive  sense. 

On  the  other  hand , it  should  be  noted  that 
although  an  optimal  control  is  in  a constant  form 
(a  step  function),  a sub-ortiral  control  law  can 
always  be  constructed  which  will  drive  the  mis- 
sile to  the  target  at  some  T,  with  an  apprcpri- 
ate  intercept  ancle  B and  for  some  ratio  v, 
as  long  as  the  area  swept  out  satisfies  (19). 

This  allows  the  control  engineer  a great  deal  of 
flexibility  in  the  design  of  a feasible  easilv 
implemented  sub-optimal  controller. 


'’'anb 


denotes  the  complement  of  B in  A, 


W 


V.  Conclusions 

It  has  been  shown  that  the  optimal  con- 
trols are  in  the  form  of  constant  vectors  deter- 
mined by  the  boundary  conditions  for  a class  of 
minimum  enerev  control  problems  associated  with 
commutative  bilinear  systems.  Sufficient  con- 
ditions for  the  uniqueness  of  solutions  were  ob- 
tained for  the  minimum  energy  problem  without  a 
terminal  constraint  on  the  state.  In  the  case  of 
the  control  problem  with  a fixed  terminal  con- 
straint belonging  to  the  reachable  set,  it  was 
shown  that  a variety  of  different  controls  can 
be  applied  to  reach  the  desired  terminal  state 
provided  that  all  such  controls  satisfy  an  area 
condition.  This  allows  greater  flexibility 
from  a design  point  of  view  and  has  been  exploit- 
ed in  [12]  for  the  singularly  perturbed  commu- 
tative bilinear  system. 
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